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Problem 1. Let I' be the circumcircle of AABC. Let D be a point on the side BC. The
tangent to I at A intersects the parallel line to BA through D at point E. The segment C'E
intersects I" again at F. Suppose B, D, F', E are concyclic. Prove that AC', BF, DE are

concurrent.



I, 51 r = 2 SIELU MRV RAREE BN —EERBBES a1, ap, - HHW
&

Qp, S Ap42 S V a% + TGn1
BIRATA 2B n BONAL > AFEAE—EEREE M (15 anyo = a, ERFTA n > M AR

AVARS

Problem 2. Show that » = 2 is the largest real number r which satisfies the following

condition: If a sequence aq,as,--- of positive integers fulfills the inequalities

Qnp, S Qpt2 S V a,% + Tln41

for every positive integer n, then there exists a positive integer M such that a, o = a, for

every n > M.
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Problem 3. Determine all positive integers k for which there exist a positive integer m and
a set S of positive integers such that any integer n > m can be written as a sum of distinct

elements of S in exactly k ways.
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Problem 4. Let Z denote the set of all integers. Find all polynomials P(x) with integer

coefficients that satisfy the following property:
For any infinite sequence aq,as, ... of integers in which each integer in 7Z appears exactly

once, there exist indices ¢ < j and an integer k such that a; + a;41 + -+ - +a; = P(k).
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Problem 5. Let n > 3 be a fixed integer. The number 1 is written n times on a blackboard.
Below the blackboard, there are two buckets that are initially empty. A move consists of
erasing two of the numbers a and b, replacing them with the numbers 1 and a + b, then
adding one stone to the first bucket and ged(a,b) stones to the second bucket. After some
finite number of moves, there are s stones in the first bucket and ¢ stones in the second

bucket, where s and ¢ are positive integers. Find all possible values of the ratio §
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Problem 1. Let I' be the circumcircle of AABC. Let D be a point on the side BC'. The
tangent to I' at A intersects the parallel line to BA through D at point E. The segment CE
intersects I" again at F. Suppose B, D, F, E are concyclic. Prove that AC', BF', DE are

concurrent.
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Problem 2. Show that » = 2 is the largest real number r which satisfies the following

condition: If a sequence aq,as,--- of positive integers fulfills the inequalities

Qp, S Ap42 S V a,% + Tn1

for every positive integer n, then there exists a positive integer M such that a, o = a, for

every n > M.
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Problem 3. Determine all positive integers k for which there exist a positive integer m and
a set S of positive integers such that any integer n > m can be written as a sum of distinct

elements of S in exactly k ways.

f#. We claim that & = 2 for all a > 0.
Solution 1. Let A ={1,2,4,8,...} and B =N\ A. For any set T, let s(7") denote the sum
of the elements of T'. (If T" is empty, we let s(7') = 0.)

We first show that any positive integer k = 2% satisfies the desired property. Let B’ be a
subset of B with a elements, and let S = AU B’. Recall that any nonnegative integer has a
unique binary representation. Hence, for any integer ¢t > s(B’) and any subset B” C B’, the
number ¢ — s(B”) can be written as a sum of distinct elements of A in a unique way. This
means that ¢ can be written as a sum of distinct elements of B’ in exactly 2* ways.

Next, assume that some positive integer k satisfies the desired property for a positive
integer m > 2 and a set S. Clearly, S is infinite.

Lemma. For all sufficiently large z € S, the smallest element of S larger than z is 2z.
Proof of Lemma. Let z € S with z > 3m, and let x < y < 2z. We will show that y ¢ S.
Suppose first that y > = +m. Then y — x can be written as a sum of distinct elements of
S not including x in k& ways. If y € S, then y can be written as a sum of distinct elements
of S in at least k + 1 ways, a contradiction. Suppose now that y < x + m. We consider
z € (2o —m,2z). Similarly as before, z — x can be written as a sum of distinct elements of
S not including x or y in k ways. If y € S, then since m < z —y < x, 2 — y can be written
as a sum of distinct elements of S not including = or y. This means that z can be written
as a sum of distinct elements of S in at least k 4+ 1 ways, a contradiction.

We now show that 2z € S; assume for contradiction that this is not the case. Observe
that 2z can be written as a sum of distinct elements of S including x in exactly k — 1 ways.
This means that 2z can also be written as a sum of distinct elements of S not including
x. If this sum includes any number less than = — m, then removing this number, we can

write some number y € (x +m,2x) as a sum of distinct elements of S not including . Now



if y =y + o where ¥y € (m,x) then ¢’ can be written as a sum of distinct elements of S
including z in exactly k ways. Therefore y can be written as a sum of distinct elements of S
in at least k 4+ 1 ways, a contradiction. Hence the sum only includes numbers in the range
[ —m, z). Clearly two numbers do not suffice. On the other hand, three such numbers sum

to at least 3(x —m) > 2z, a contradiction. O

From the Lemma, we have that S = T"UU, where T is finite and U = {z, 2z, 42,8z, ...}
for some positive integer x. Let y be any positive integer greater than s(7"). For any subset
T'CT,ify—s(T") =0 (mod x), then y— s(7”) can be written as a sum of distinct elements
of U in a unique way; otherwise y — s(7”) cannot be written as a sum of distinct elements of
U. Hence the number of ways to write y as a sum of distinct elements of S is equal to the
number of subsets 7" C T such that s(7”) = y (mod z). Since this holds for all y, for any
0 < a <z — 1 there are exactly k subsets 7" C T such that s(7") = a (mod z). This means
that there are kx subsets of T" in total. But the number of subsets of T" is a power of 2, and

therefore k is a power of 2, as claimed.

Solution 2. We give an alternative proof of the first half of the lemma in the Solution 1
above.

Let s; < s3 < --- be the elements of S. For any positive integer r, define A,.(z) =
[I,—,(1 4 z*). For each n such that m < n < s,41, all k ways of writing n as a sum of
elements of S must only use sy, ..., s, so the coefficient of 2™ in A,(z) is k. Similarly the
number of ways of writing s,.1 as a sum of elements of S without using s, is exactly k£ — 1.
Hence the coefficient of z*+' in A, (z) is k — 1.

Fix a ¢ such that s, > 2(m + 1). Write
A (z) = u(z) + k(™ + -+ 257 + 2%o(2)

for some u(x), v(x) where u(x) is of degree at most m.

Note that
At+1(x) = At—l(m) + xstAt_l(.fE) + $St+1At_1(.fE> + xst—‘rSH—IAt_l(iL').

If 5441 +m + 1 < 2s;, we can find the term z*+ " in 2% A, () and in 2%+ A, ().



Hence the coefficient of xst+1tm+l

in A;yq(z) is at least 2k, which is impossible. So s;.; >
25— (m+1) > s +m+ 1.

Now

A(z) = Apa(z) + 2®u(z) + k(2T o 2?0 4 2P(2).

Recall that the coefficient of z%+! in A;(x) is k — 1. But if s, + m+ 1 < ;11 < 2s;, then the

coefficient of z*+' in A;(x) is at least k, which is a contradiction. Therefore s;1 > 2s;.
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Problem 4. Let Z denote the set of all integers. Find all polynomials P(x) with integer
coefficients that satisfy the following property:
For any infinite sequence aq,as, ... of integers in which each integer in Z appears exactly

once, there exist indices ¢ < j and an integer k such that a; + a;41 + -+ +a; = P(k).

f#. Part 1. All polynomials with deg P = 1 satisfy the given property.

Suppose P(z) = cx + d, and assume without loss of generality that ¢ > d > 0. Denote
si=a;+as+ -+ a; (mod c). It suffices to show that there exist indices i < j such that
j—i>2ands; —s; =d (mod c).

Consider ¢+ 1 indices ey, g, ..., €.41 > 1 such that a,, = d (mod ¢). By the pigeonhole
principle, among the n + 1 pairs (S¢,—1,5¢,), (Sea—155e5)s - -5 (Seps1—15Sensy ), SOME two are

equal, say (Sm—1,Sm) and (s,_1,$,). We can then take i = m — 1 and j = n.
Part 2. All polynomials with deg P # 1 do not satisfy the given property.

Lemma. If deg P # 1, then for any positive integers A, B, and C, there exists an integer y
with |y| > C such that no value in the range of P falls within the interval [y — A,y + B].

Proof of Lemma. The claim is immediate when P is constant or when deg P is even since
P is bounded from below. Let P(z) = a,x™ + -+ a;x + ag be of odd degree greater than 1,
and assume without loss of generality that a,, > 0. Since P(z + 1) — P(z) = a,nz" ' + - -,
and n — 1 > 0, the gap between P(z) and P(x + 1) grows arbitrarily for large z. The claim
follows. O

Suppose deg P # 1. We will inductively construct a sequence {a;} such that for any
indices ¢ < j and any integer k it holds that a; + a;41 + - -- + a; # P(k). Suppose that we
have constructed the sequence up to a;, and m is an integer with smallest magnitude yet
to appear in the sequence. We will add two more terms to the sequence. Take a;12 = m.
Consider all the new sums of at least two consecutive terms; each of them contains a;.
Hence all such sums are in the interval [a;;1 — A, a;.1 + B] for fixed constants A, B. The

lemma allows us to choose a;11 so that all such sums avoid the range of P.



Alternative Solution for Part 1. Again, suppose P(x) = cx +d, and assume without loss
of generality that ¢ > d > 0. Let S; ={a; +aj41 +---+a; (modc)|j=1,2,...,i}. Then
Sit1={si+a;11 (mod c)|s; € S;}U{a;x1 (mod ¢)}. Hence |S;y 1| = |S;] of |Siz1| = |Si]|+1,
with the former occuring exactly when 0 € S;. Since |S;| < ¢, the latter can only occur finitely
many times, so there exists I such that 0 € S; for all « > I. Let ¢ > I be an index with
a; = d (mod ¢). Then we can find a sum of at least two consecutive terms ending at a; and

congruent to d (mod c).

Alternative Construction when P(z) is constant or of even degree
If P(z) is of even degree, then P is bounded from below or from above. In case of P is
constant or bounded from above, then there exists a positive integer ¢ such that P(z) < c.
Let {a;} be the sequence
0,1,-1,2,3,-2,4,5,-3,...

which is given by as,i1 = 2n, asyio = 2n + 1, agpys = —(n + 1) for all n > 0. Notice that
for any ¢ < j we have a; + --- 4+ a; > 0. Then for the sequence {b,} defined by b, = a,, + c,
clearly b; +--- +b; > (a; + - - - aj) + 2¢ > ¢ which is outside the range of P(x).

Now if P is bounded from below, there exists a positive integer ¢ such that P(z) > —c.

In this case, take b, to be b, = —a,, —c. Then for all i < j we have b; +---b; < —(a; +

-~ a;) — 2¢ < —c which is again outside the range of P(z).
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Problem 5. Let n > 3 be a fixed integer. The number 1 is written n times on a blackboard.
Below the blackboard, there are two buckets that are initially empty. A move consists of
erasing two of the numbers a and b, replacing them with the numbers 1 and a + b, then
adding one stone to the first bucket and ged(a, b) stones to the second bucket. After some
finite number of moves, there are s stones in the first bucket and ¢ stones in the second

bucket, where s and ¢ are positive integers. Find all possible values of the ratio ﬁ

B EES 1n—1) BERNKTAAEE -

A SerE B A H A B ET R AN RTRERY © B IL  HR B — 3K i —FE A S
THOKREDER G — AT HMUAA t)s > 10 H—T7H 0 BRI RE R AR
FHPEN 85 a1, a9, - -+ ,a, > BAEB—XITE) > WVERHARIERT o 710 KHEF
AN RN 1 GENEFERN o+ b EE

g=0xay+1xay+ -+ (n—1a,.

EEE s WEFER p—n H p =3 a; #RBREFTABFRIZEM o BR o #HZEDR 1
TEA

BEAh  ERE—TATENERE o B2 a;(i < j) 0 Rl ¢ GYEI0 ged(ai, ;) < a; * T g SEAN
U —=Dlait+a;—a;)—(—1)(a;i—1) = (—Da; — (i —1)(a; = 1) <ia; — (i = 1)(a; — 1) = a;,

W q — t KA ©
ARt ERMERESE - ITEEE TRALEN 1 AIES —XITEER
q=0+1+-+(n—-2)+(n—1)x2=""F20D ¢ — 1 0§l ¢ — ¢ RFHER(2) » f£55



—RITEN 2R - BMIEA

(n+2)(n—1)
2

=n—1s—(n—-2)<(n-—1)s,

S(n—l)s—l—n<n_1)—<n+2)(n_1>+1

t < 1—
Sq+ 5 5

femt/s<(n—1)°t&t/se[l,n—1)°

WMREER (1, n—1) YT AHEENA ATREZES] ; THRE —XITERE > t/s =1
HERFEI (1, — 1) BITAT o Z9ith » FRAMSERERILU TR 513
GIE— BT A R o RIMBEZREEBARIATE > HEEREA n—1 18 1 B 1
ffl a" 1" Ht=a"2(a—1)(n—1)"s=a"t—1¢
A o IR o EHEERERATE -

o n=2WRAFET o — 1 ZITHIRIA] o

o Ri& n—1 RAERE A AJLEERRI © AIE n I 0 e Hm n — 1 8 1 #17 A
EFEAR LRI n— 18 1 Bl on 2o S n — 1l 1 BET—R A EGHEENR
R 0 —2 8 1 BERRE o2 o FEEE o2 EIT-TUTE) 0 EEERES 0 -1
flél 1 BL—1E 2 % a"~2 AYIRRE o EEARETRAPER » RAAHAEREBHESR n—1 8 1
BA—1& qn~! AYARRE ©
FERFEHESY > A FHET o X THIRMERRKBFINENEE B 87T o — 1 20
B s=ax (@2 -1)+(a—1)=a" -1 XB—RHET AHE B¢t
FEE 0" 3(a—1)(n—2) B "2 #]

t=a*xa"*(a—1)(n—2)+(a—1)*a"?=a"%*a—1)(n—1).

2t 5HERE o O
O 2 FE » BRI EKES [ F—r @t AREE N o FEITE C - % 1 fIER ERKW
BT EITITE) o B—ICEIT O B ERER F S A — A o FILEET b RiE -

A
t a"*la—1)(n—1)+b

S a1 —14+0
BAMIRAEETR TG - HIAFTA Pe(ln—1)" FAEIEREEL o B b (F15

p_aPla-1)(n—-1)+b
q a1 —1+b '




BRI AT DGR I NER 2
g™ (a — 1)(n 1) — pla — 1)
p—q
EEFRMIX @ = 1(mod p — q) » AIETL2—5E o FrAFRMUER IR D+ RINZRIA] o
EEFEI2e(In—1)=q(n—1)—p>0" &

b:

qa" *(a—1)(n—1)—pla" ' —1)>qa" *(a—1)(n—1) —pa™!

= a"2(a(g(n — 1) — p) — (n — 1)),

BUEE o TR KRFLBIEE > BUSHE | O
ERABRERIAAGR | ERMKF BN EERAL - B - AREZM 1 F—
TATE) > WAEER Sy > WERNR BT e o Bk EEEMRERZ HEEH
n—1fEIE 1 B -

(ERERACE — RIIRHRIER - BRI E AR BT p o RS EE T EAAL T o BIEERM
[EIIRTA HUERCE - E2IEERIEEER 1 ARRE - ERIMRERES - SEA - EAL a8
W07 H R E TR RF 22 o Ml B R R AL BRI 3%

o W, ZTEEEEEES - BAR R HERR 1 ALaBr s EE -

o S, AERAEEEREERES » KRR AL G 8 0 B ss — @ 5 P e Re 4

SHEM— A FNEERKES n — 10 L4 BT —EBR - AR EFTASF 58
ERMEH  E W, <w Al S, <(p—1Dwe

« R p=1 B S, =0 MU -

CHp> 1 ERESTRS o B oo B W, B W, SRS W, < we RIEZSN B
W, = w > FoREEIERT  (EE 0 BHLH o HACEEEER o 0578 -
BATREE % 0 b FAEATIHETRT (G W, > 0+ 1°) T2 &S

B BAR L BT D H—ERTAER o FHED FIL W, < w—1 (&8 W, 7

> w4 19) {0 W, W, RAERZ w o

=



AR W, <w T W, <w — 1 HIBEAER > HAE

Sp = Sa + Sy + ged(a, b) < (a — )W, + (b — 1)W,, + ged(a, b)

<la-—lNw+b-—1)(w-1)+b=p-1w+1—-—w<(p—1)w.

ERANSFE ©

BE RS p W, <n—1" M S, < (p—1)(n—1) o XHEILRFENR EATA
FEEBP Alt=% W <Y pn—1)p—1) fis=3,p(p—1) &L <n-
E eyt

e +3PT:FMA L<n—1o
— +1 PT: fERFEM n > 3 FegHH LS -
« +4PT: FBHHATA L e (1,n—1) HEAIHES -

— +1 PT: fEEEH) n > 3 FeBHH LuiEE o
— +1 PT: iBHHEAME] o > AIEBRIZESR] n— 1 8 1 B 1 F o' o



