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2022 APMO Taiwan Preliminary Round 1
10:00-12:00, November 13, 2021

General instructions.

* There are 3 pages of problems, consisting of fill-in problems and non-multiple-choice problems.

» Use 2B pencils to answer fill-in problems on the designated card. Use erasers only to make

corrections for these, do not use correction tape/fluid.

» Use pens in blue or black ink to answer non-multiple-choice problems on the designated sheet of

paper. Correction tape/fluid may be used to make corrections for this part.

+ Contestants are held responsible for the consequences from failing to follow the instructions above
so that the machine cannot read the designated card, or the answers for non-multiple-choice prob-

lems are illegible.
* Protractors, calculators and other electronic devices are prohibited.

* One sheet of paper for the non-multiple-choice problems is given to each contestants. No more

supply is offered.

Part 1. Fill-in problems

Instruction. There are FIVE problems in this Part. Each problem is worth 7 points. There is
no penalty for wrong answers. No marks will be awarded for answers that are not completely

correct.

If the number of digits for the answers is less than the number of designated spaces, fill in a

proper number of 0’s at the beginning of your answer.

1. In the game of Major Lottery, six distinct numbers from the integers 1, 2, ..., 49 should
be marked on each ticket. The lottery authority will also draw six numbers as Winning
Numbers from the integers 1 through 49, and then draw a different number as the Major
Number from the same range. A ticket wins the Fourth Prize if there are exactly 4 Winning
Numbers and the Major Number on that ticket. Under these rules, there are @(2)(@
different tickets that win the Fourth Prize. -



2. The Fibonacci sequence Fj, is defined as follows.
* Fp=0;
o F 1= 1;
e F,=F,_1+F,, forall integers n > 2
An integer n is called the Horse of Fibonacci if the remainder of F;, is 7 when divided by
12 (because Horse is the seventh symbol in the Twelve Zodiacs)
Among the positive integers less than 1000, there are ee@ Horses of Fibonacci.
3. Consider the numerical triangle shown below: write 0, 1,2, ... in order at the two edges;

the numbers in the interior of the triangle follows the same rule as in the Pascal triangle,

that is, each number is the sum of the two numbers above it.

0
1 1
2 2 2
3 4 4 3
4 7 8 7 4

Accordingly, the sum of all numbers in the first row is 0, the sum of those in the second

row 1s 2, while the sum of those in the third row is 6. The sum of all numbers in the
2022™ row has remainder when divided by 1000.

4. The sides of a convex cyclic quadrilateral are 1,2, 3, and 4 in this order. The circumradius

JOOH @G
2l®

5. There are 110 cities in the Wonderland. Among any 4 cities, there is at least one city that
connects to the other 3 cities by direct railroad. There are at least @ cities, each

of which connects to any other city in the Wonderland by direct railroad.

of this quadrilateral is (in the reduced form).




Part 2. Non-multiple-choice problems

Instruction. There are TWO problems in this part. Each problem is worth 7 points. Answers
should be written in blue or black ink, except for graphics that can be drawn by pencil. The
problem number should be indicated clearly. The intermediate steps and reasons should be

clearly stated, or penalty in deduction of points will be incurred.

I. Let ABCD be a convex quadrilateral, in which line AB and CD are not parallel to each
other. Let P be the intersection points of the two diagonals AC and BD. Choose points
M and N from segment PD, PC respectively so that PM = PN. If ZCAB = ZCDB, prove
that line MN intersects with line AB and CD respectively at the same angle.

II. Non-negative real numbers a, b, c,d satisfy a+2b+3c+4d =1 and (a+b)(c+d)* =
(a+c)(b+d)* = k. What is the maximum value for k, and when does this maximum

occur?
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