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8. Let H be the orthocenter of triangle AB(C. Let £ and F be the midpoints of H(
and HE, respectively. Let NV be the circumcenter of triangle M EF, which is also the
nine-point center of triangle ABC. According to a well-known property, AO || NM.
We will prove that MN L P¢).

Since MP 1 AC, it follows that MFP || HE. By the midline property, M P passes
through the midpoint F of HC'. Similarly, M} passes through the midpoint F' of
HB. Since N is the circumceenter of triangle M EF, it is straightforward to show that
MN L P}, We will now prove that quadrilateral PEQF is cyclic.

Indeed, we have

ZMPO + ZMQO = 90° + 90° = 1807,

implving that quadrilateral OF M) is cyelic. Therefore,

ZMPQ = MO = ZMFE.

The equality of the last angles is due to the fact that ZMOC) and M FE are cor-
responding angles with respect to perpendicnlar sides. Hence, quadrilateral PEQF
is cyclic. Combining these argnments with the initial setup, we have completed the

proof.,
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82 The answer is 2025. We first give a construction that attains this bound. Let S be
the set {(i,j) 14,7 =1,2,--- .10}. Then the number of such rectangles is C3" x Ol =
45 x 45 = 2025.
We next proceed to show that this is optimal. Clonsider a graph ¢ with vertex set S,
and u — v if and only if there is a rectangle ABC D satisfving the condition with A = u

and ' = v. Since each rectangle corresponds to two edges in the graph, and no two

< 2x 2025 =

rectangles share any edges, we know that it suffices to show that |E(G)
40500, In fact, we can show that each vertex has degree at most 81, If this is done,

then |E(G)| < 100 x 81/2 = 4050.

To show this, let u, and wu, each denote the r and y coordinates of the point wu,
respectively. Then, for each point v € S, consider the sets X, := {u € S|u # v, u, =
v} and Y, := {u € Slu # v,u, = v,}. Let |[X,| =z, |Y,| =y. Also, let N(v) be the
Nu)| <100 -1—-z—y=9)—x—y.

points incident to v. Then it is clear that
Also note that for every p € N(v), there exists a unique (u,, w,) € X, x ¥, such that
puyvwy, is a rectangle with sides parallel to the axes. It is also clear that p — (w,, wy)

is an injection, showing that |N(v)| < ry. Thus,

deg(v) = |N(v)

< mn(99 — = — y, Ty).

The RHS is maximized when © = y = 9, giving deg(v) < 81, as desired.

Remark. This solution actually works even when 100 is replaced with any n(n + 1)
(in which case the answer is n*(n* — 1)/4)) and any n* (in which case the answer is

n?(n — 1)%/4).



